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A collection of various consequences of the existence of finite cyclic group actions on simply 
connected topological 4.manifolds, with an emphasis on involutions, is presented as a complement 
to various known constructions of group actions on these manifolds. The relationship between 
the representation on integral cohomology and the fixed-point set is described. The significance 
of a spin structure on the 4.manifold for the fixed-point set of a locally linear involution is 
described, leading to examples of 4-manifolds admitting no locally linear involution. Further 
restrictions on the two-dimensional parts of the fixed-point set of an involution are derived. 
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Introduction 
This paper contains a general discussion of various aspects of finite group actions 
on simply connected 4-manifolds. Since the emphasis is on consequences of the 
existence of group actions, we generally limit ourselves to cyclic groups of prime 
order. Primarily we apply more-or-less standard techniques, including basic rep- 
resentation theory, the Lefschetz Fixed-Point Formula, the G-Signature Theorem, 
etc. The initial part of the paper deals with topological actions with techniques of 
algebraic topology, particularly the Bore1 spectral sequence. Subsequent parts study 
locally linear actions, with an emphasis on involutions, and there are important 
open questions revolving around the extent to which these subsequent results are 
valid in the case of arbitrary topological actions. 
Here is an outline of the rest of the paper: 
1. The representation induced by Z,, on second cohomology. The representation is 
described; the Lefschetz number of the generator of the group action is computed 
in terms of this description; the problem of exotic ideal classes is mentioned. 
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2. The relationship between the representation of Z,, on second cohomology and the 
$xed-point set. The spectral sequence of the Bore1 fibering is shown to collapse when 
the fixed-point set is nonempty; the Betti numbers of the fixed-point set are given 
in terms of the invariants of the representation on second cohomology; the two- 
dimensional components of the fixed-point set are shown to be almost independent 
elements of mod p homology. 
3. Involutions on spin manifolds. The fixed-point set of a locally linear involution 
on a simply connected spin 4-manifold is shown to consist either of isolated points 
or of orientable surfaces. 
4. Nonexistence of locally linear involutions on certain spin 4-manifolds. If a simply 
connected, topological spin 4-manifold with positive definite intersection pairing 
admits a locally linear involution, then it is shown that the fixed point set is either 
S” or S2, the representation on H2 consists of copies of the regular representation 
Z[Z,], and the signature must be congruent to 0 modulo 16. 
5. Stiefel- Whitney classes and involutions. The two-dimensional part of the fixed- 
point set of a locally linear, homologically trivial involution on a 4-manifold with 
odd intersection pairing is shown to represent the Poincare dual of the second 
Stiefel-Whitney class. 
6. Homologically trivial, locally linear involutions. The two-dimensional part of 
the fixed-point set of a locally linear, homologically trivial involution on a simply 
connected 4-manifold with nonzero, positive definite, odd intersection pairing con- 
sists of 2-spheres that represent independent elements in mod p homology for all 
primes p. 
Portions of the material in this paper have been circulated privately in a rough 
draft entitled “Preliminary notes on finite group actions on four-manifolds”. 
1. The representation induced by Z,, on second cohomology 
Henceforth G will denote a finite cyclic group of prime order p with prescribed 
generator g acting in an orientation preserving fashion on a closed, simply connected, 
topological 4-manifold M. The fixed-point set for the action will be denoted by E 
The action of G on M induces an action of G on the integral cohomology H*(M). 
Proposition 1.1. The representation of G on H2( M) is equivalent over the integers to 
a block sum of indecomposable representations of the following three types: 
(1) one-dimensional, of trivia1 type: the integers Z with trivial G action; 
(2) (p - 1)-dimensional, of cyclotomic type: Z[h], the integers Z with a primitive 
pth root of unity A adjoined, or more generally any nonzero ideal J in Z[h], where g 
acts by multiplication by A ; 
(3) p-dimensional, of regular type: Z[G], the regular representation, in which G 
acts by permuting basis vectors, or more generally the preimage 7 in Z[ G] of a nonzero 
ideal J in Z[h], under the natural map Z[ G] + Z[A] where g + A. 
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Remarks. This general statement can be derived from the description in Curtis and 
Reiner [4, p. 7291, but has a perfectly elementary proof when p = 2. If the ideal J 
referred to in (2) or (3) above is a principal ideal, then the corresponding indecom- 
posable representation is standard, that is, equivalent to Z[h] or to Z[G] as a 
Z[ Cl-module. Indecomposable representations necessarily involving a nonprin- 
cipal ideal J will be referred to as exofic. Reiner’s work shows that an integral 
representation of G can be decomposed as above in such a way that there is at 
most one exotic summand. The nonuniqueness in the decomposition comes from 
the G-module identity J,@J,= J,J1OZIA], and similar ones involving the twisted 
extensions. In this case the ideal J determines the ideal class invariant of the 
representation in the ideal class group of Z[A]. More generally, the ideal class 
invariant is given as the product of all the ideals J appearing. An argument due to 
Swan [21] says that a nontrivial ideal class invariant cannot occur in representations 
induced by piecewise linear actions on compact polyhedra. See also Weintraub [23, 
Theorem 1.61. We remark that D. Ruberman and S. Weinberger have shown how 
to construct examples of topological actions in dimension 4 with exotic ideal classes. 
One is led to ask whether exotic ideal classes can occur for locally linear actions 
in dimension 4, and to ask for a precise description of the ideal classes that can 
occur for a general topological action on a 4-manifold. Of course, if p < 23, then 
the ideal class group is zero and no exotic classes occur. Also, if the second Betti 
number pz( M) < 22, then there is not room for an exotic class to occur. Over the 
rationals exotic classes do not exist, since JO Q = Q[h] and J”OQ = Q[G]; 
moreover, any rational representation can be expressed as a sum of copies of Q 
and of Q[A], since Q[Z,,] = Q[A]O Q. 
Notation. Henceforth we shall assume that H’(M) contains t summands of trivial 
type, c summands of cyclotomic type, and Y summands of regular type. We shall 
fix a corresponding direct sum decomposition of H’(M) = TO C 0 R. In particular, 
t + c( p - 1) + rp = p2( M), T is fixed by G, C is a sum of ideals in Z[A], and R is 
a sum of indecomposable rank p representations. 
Let F denote the fixed-point set of g on M; and let A(g) denote the Lefschetz 
number of g, the alternating sum of the traces of g on the rational homology (or 
cohomology) groups. 
Proposition 1.2 (The Lefschetz Fixed-Point Formula). n(g) = x(F). 
One may easily assemble a proof from the following facts: 
(1) The orbit map M + M* induces an isomorphism H,(M; Q)“- H,(M*; Q) 
by the existence of a transfer homomorphism (see Bredon [3, Chapter III]). 
(2) ,y(M)=px(M*)-(p-1)x(F) (again see Bredon [3, Chapter III]). 
(3) The identity from elementary representation theory Ci trace(g*‘) = 
PdimH,(M; Q)G, where the sum ranges from i=O to i=p-1, and g*:H,(M)+ 
H,(M) is the induced homomorphism on homology. 
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The formula holds for periodic maps of composite period that leave a regular 
neighborhood of the fixed-point set invariant; in this case one can prove the formula 
from the usual Lefschetz fixed-point theorem plus the sum formula for A. It also 
holds for composite period maps that are cellular. It is false, however, for topological 
actions of groups of composite order in dimensions at least eight. We conjecture 
that the Lefschetz Formula holds true for composite orders and arbitrary periodic 
maps on 4-manifolds. 
Lemma 1.3. The trace of g on the indecomposable summands of H’(M) is given as 
follows: rank 1 = trace 1; rank p - 1 = trace -1; rank p = trace 0. 
Proof. This is immediate from the usual matrix representations in the case of the 
standard types. Over the rationals an exotic type is equivalent to a standard one. 
The result follows. 0 
Corollary 1.4. x(F) = t - c + 2. 
Proof. The trace of g* on HZ is t-c, by Lemma 1.2. Now apply the Lefschetz 
Fixed-Point Formula. 0 
This suggests the more precise results p,(F) = c and PO(F) +&(F) = t + 2, which 
we shall prove directly in the next section. 
2. The relationship between the representation of Z,, on second cohomology and the 
fixed-point set 
In this section G again denotes a finite cyclic group of prime order p, with 
generator g, acting on the closed, oriented, simply connected 4-manifold M preserv- 
ing orientation. We now turn to a more precise study of the relationship between 
the description of the action of G on H2( M) given in Proposition 1.1 and the 
structure of the fixed-point set F. The primary tool in this analysis will be a spectral 
sequence method due to A. Borel, as described by Bredon [3, Chapter VII]. 
Let EG denote a contractible space on which G acts freely, and BG = EG/G. We 
can take for EG an infinite sphere and for BG an infinite lens space. Let MG denote 
the space (M x EG)/ G. There is then the “Bore1 fibering” MG + BG, with fiber M, 
induced by the projection M x EG -+ E,. One has a spectral sequence E(M) with 
E, term E;‘(M) = H’( BG; {H’(M)}), converging to the graded group associated to 
a filtration of H*( MG). 
This construction is natural with respect to G-maps of G-spaces. In particular 
the inclusion F + M induces a fiber map FG + MC and a map Ei(M)+E$(F) of 
the corresponding spectral sequences. Since FG = F x BG the Kiinneth formula 
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implies that the spectral sequence for F collapses. Also if A is a G-invariant subspace, 
then there is a relative spectral sequence E;‘( M, A) converging to H*( M, A). 
Lemma 2.1. HY(MG, FG) = 0, for q > 4 and any coejficients. 
Proof. There is a natural map f: (M,, F,-) + (M*, F*) induced by projection M x 
EG + M with the property that for x in M”, f -l(x) = Bt, where H is the isotropy 
group G,. Therefore, for x in M*- F*,,f-‘(x) is contractible. The Vietoris-Begle 
Mapping Theorem then implies that f induces an isomorphism H*(M*, F”) + 
H*(M<,, F,;). Now HY( MY, F*) = 0 when q > 4, for dimension reasons, as 
required. 0 
Corollary 2.2. Inclusion induces an isomorphism HY( MG)+ H”(Fc;) for q>4 and 
an epimorphism for q = 4. 
Proposition 2.3. If F # 0, then the spectral sequence E(M) collapses. 
Proof. The spectral sequence has at most three nonzero rows, for j = 0,2, and 4. 
Therefore Ez = Es, E4 = E,, and E, = E, . Therefore it suffices to show that the 
differentials d;‘, d;‘, and di4 vanish. 
Toward this end let x be a point of F and consider also the spectral sequences 
for (M, x) and for M -{x}. There are homomorphisms of spectral sequences 
E(M,x)+E(M)+E(M-{x}). The restriction homomorphism E;‘(M,x)+ 
E.;‘(M) is an isomorphism, and its composition with d;‘: E;‘(M)+ E;+3,0( M) is, 
by naturality, the same as the composition of d;‘: E;“( M, x) + Eif3,“( M, x) and the 
restriction E;t3.“( M) + E;+3,“( M). But Eit3,” (M,x)- H’+3(Bc;; H”(M,.x))==O. 
Therefore d;‘: E:‘(M) + Eit3,‘( M) must vanish. 
Similarly, di4: Ei4( M) + E;,‘.’ (M) followed by the isomorphism E\“.‘(M)+ 
E ;+‘,2(M-{~})f t ac ors through Ei4( M -{x}) = H’( BG,; H”( M -{x}) = 0, and hence 
must also vanish. Thus E, = E, = E,. 
Finally, di4: Ek4( M) + EI,t5,4 (M) precomposed with the isomorphism Ek4( M, x) 3 
E?(M) factors through E;“,” (M, x) = H’+5( B,; H”( M, x)) = 0. Thus d, vanishes, 
and the spectral sequence collapses. 0 
We remark that the spectral sequence certainly does not collapse when F = 0. 
Proposition 2.4. If F # 0, then, in terms of the invariants describing the action of G 
on integral cohomology H’(M), the mod p Betti numbers ofthe,fixed-point set satisfj 
the following relations: 
(i) B,(F) = c, and 
(ii) B,(F)+BZ(F)=t+2. 
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Proof. For 4 > 4 we have HY( i’UG) = HY(F,), by Corollary 3.2. Further, H”( A4,) = 
1 H’( G; {H’(M)}) and HY( F,;) = C H’( G; H’(F)), where the summations extend 
over all i and j such that i +j = q. 
Now H2’( G) = 2, for all i > 0 while Hz’-’ (G)=O; and H’(G;Z,,)=Z, for all i. 
In particular, it follows that HY(Mc;) and HY(F,,) are vector spaces over Z,,. Direct 
calculation shows that dim, H’( F,) = p,(F) and dim,,> H6( FG) = p,,(F) + p2( F). 
We must compute H’( G; { H2( M)}). The answer depends upon the parity of i, 
or equivalently q. Recall (see for example, Rotman [ 19, p. 2031 or any book on 
elementary homological algebra) that if X is a G-module, then for i > 0 
H”( G; X) = {x E X: gx = x)/(x gkx: x E X} = ker D/im N 
and 
Hz’-‘( G; X) = { xEX:Cg’x=O}/{x-gx:xEX}=kerN/im D, 
where N = 1 g’ and D = 1 -g in the group ring Z[G]. For X = Z[G], we have 
kerD=imNandkerN=imD;forX=ZwehavekerD=Z,imN=pZ,kerN= 
0,andimD=0;forX=Z[A]wehavekerD=O,imN=O,imD=0,andkerN= 
{u E Z[A]: F(U) = 0 mod p}, where E : Z[h] + Z,, is the ring homomorphism sending 
A -+ 1. Similar computations hold for general ideals J c Z[A] and 7~ Z[G]. It 
follows that dim, H5( MG) = c and dim,, H6( MC;) = t + 2, in the notation describing 
the action of G on H”(M). The result follows. 0 
Note the obvious corollary, used later, that if c = 0, then any two-dimensional 
components of F must be 2-spheres, even when p = 2. 
In the case when F=fl and the spectral sequence does not collapse, it does 
converge to zero in high degrees. One may deduce that t = 0 and c = 2, while r is 
arbitrary. One may build examples of such actions from a free action of Z,, on the 
connected sum of p - 1 copies of S’x S’ by equivariant connected sums with freely 
permuted copies of another manifold. To get the action on #,_,S’ x S’, start with 
a free action on S’ x S3 (where Z,, acts trivially on S’ freely on S3), and equivariantly 
kill V, by surgery on p parallel circles. 
Proposition 2.5. If F’ is any proper subset of the,fixed-point set F, then the restriction 
map H2( M; Z,,) + H2( F’; 2,) is surjective. 
Proof. If y E F - F’, then the restriction H2( F - { y}) + H2( F’) is surjective for any 
coefficients. Thus we may assume that F’ = F - { y}. Let x E F’. We consider the map 
of spectral sequences E( M -{ y}, x) + E( F - { y}, x). Both spectral sequences col- 
lapse. Moreover, the domain spectral sequence has only one row, while the target 
has two rows. In total degrees m>4, this map converges to the isomorphism 
H”‘( MG - y,, xc;) + H m (F,; - ya, xc;) of Corollary 2.2. Consider in particular m = 6. 
The following commutative diagram implies the result: 
H”(M, -yG, xc;) A Hh(Fc; -YG, xc;) 
E$‘(M-{y},x)- Ez'(F -{y},x) 
t 
H4(G; {H2(M-{yl, xl) H4(G; H*U-(~1, xl 
T t 
H’(M)” H2(F-{yl, x)l~H’(F-i.v}, x) 
I 1 a 
H2(M)+ H*(M; Zp)+H2(F-{y}; Z,,) 0 
Remark. In fact, the argument shows that restriction followed by reduction mod p 
induces a surjection H’(M)” + H’( F - { y}; Z,,). 
Corollary 2.6. If F is not purely 2-dimensional, then the 2-dimensional components 
of F represent independent elements qf H,( M; Z,,). If F is purel,v 2-dimensional, and 
has k 2-dimensional components, then the 2-dimensional components span a subspace 
of H,(M; Z,,) oj’ dimension at least k- 1, with any k - 1 components representing 
independent elements. q 
Remark. When F is purely 2-dimensional, then [F] may or may not be 0 in 
H7( M; Z,,). The reader can easily construct involutions of both sorts on S’ x S’. In 
Section 5 we return to this question to analyze certain cases when p = 2 and one 
can be sure that [F] # 0. 
3. Involutions on spin manifolds 
We begin by discussing spin structures on manifolds. First we consider the smooth 
case; we will then reduce the topological case to the smooth case. Two general 
references for spin structures are the papers of Atiyah and Bott [l] and Milnor [ 161. 
We observe in particular that the fixed point set of a locally linear, orientation 
preserving involution on a simply connected spin 4-manifold either consists of 
isolated points, or it consists of oriented surfaces. 
Let M denote an oriented, smooth n-manifold. One then has its frame bundle, 
FM + M, with fiber SO(n) associated with the tangent bundle of M. Now Spin(n) 
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is the double covering of SO(n). A spin structure on M is a 2-fold covering 
w : k’M + FM such that the preimage of any fiber SO(n) c FM is diffeomorphic to 
Spin(n). A spin structure for M exists if and only if the second Stiefel-Whitney 
class IV~( M) E H’( M; 2) is zero. Alternatively one can think of a spin structure as 
a (stable) framing of the restriction of the tangent bundle to the two skeleton of 
some triangulation of M. Yet another way to say this is that a spin structure is a 
reduction of the structure group of the (stable) tangent bundle to the Spin group. 
Two spin structures on M, say ui: $M, + FM(i = 1,2), are equivalent if there is a 
A A 
diffeomorphism 0 : FM, + FM2 such that wZ 0 0 = 0,. If a spin structure exists for 
M, then M is called a spin manifold. If M is a spin manifold, then the set of 
(equivalence classes of) spin structures on M is in (nonfunctorial) bijective corre- 
spondence with H’( M; Z,). 
Let w : kM + FM be a spin structure on M. An orientation preserving diffeo- 
morphism g : M + M preserves u if the differential dg, viewed as a map FM + FM 
(say by imposing a dg-invariant metric on the tangent bundle, in the case at hand 
in which g has finite order), lifts through w to a map rg of FM. If g happens to 
be an involution of M, then the lift rg of dg either has order 2 or has order 4 as a 
map of FM, independent of the choice of lift. In the former case g is said to have 
even type, and in the latter case orid type. If g has no fixed points, then g has even 
type (with respect to the spin structure w) if and only if w is induced (by pullback) 
from a spin structure on the orbit space M” = M/g. 
As a specific and important example, the antipodal map (Y on an odd-dimensional 
sphere S”, n > 1, has even type (with respect to the unique spin structure) if and 
only if w,(RP”) = 0, if and only if n = 3 mod 4. The circle S’ has two distinct spin 
structures; the antipodal map cy preserves both of them; a has odd type with respect 
to the “trivial” one which extends across the 2-disk and even type with respect to 
the one coming from the Lie group framing (both spin structures on RP’ pull back 
to the Lie group spin structure). Notice that SO( 1) is a point; Spin( 1) is two points; 
FS’ = S’; and the nontrivial double covering of FS’ is the “trivial” spin structure. 
This discussion makes sense as well for topological manifolds and involutions 
on them. The structure group for oriented topological R” bundles is denoted 
STop( n). The inclusion SO(n) + STop(n) induces an isomorphism on n, (and both 
have zero Z-J. See Siebenmann [20]. The unique (connected for n > 1) double cover 
of STop(n) is denoted SpinTop( The tangent microbundle TM of an oriented 
topological n-manifold determines an R”-bundle over M, with structure group 
STop( n). The corresponding principal bundle is denoted FM + M; a spin structure 
on M is an appropriate double covering of FM, etc. For a smooth manifold, the 
smooth and topological spin structures are in natural bijective correspondence. 
Similarly type is an invariant of the underlying topological involution. 
Proposition 3.1. Let M be a connected, oriented spin manifold and g: M + M be a 
locally linear involution that preserves orientation and some spin structure. Let F, and 
F, be components of theJixed-point set of g. Then codim F, = codim F, mod 4. 
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In the smooth case this is due to Atiyah and Bott [I] and to Bredon [2]. We shall 
sketch the Atiyah-Bott proof in order to see that it works in the locally smooth case 
as well. The proof we give shows that one only need assume the involution is locally 
linear near one point in each component of the fixed-point set. We conjecture that 
Proposition 3.1 is true with no local linearity hypothesis, at least in dimension 4. 
This has been checked in a few cases such as M = S2 x S’. 
Proof. Let S, and S, be invariant spheres linking F, and F,, respectively, on which 
g induces an involution equivalent to the antipodal map. Since these spheres have 
naturally trivialized normal bundles, they inherit spin structures from M which are 
preserved by the restricted involutions. (In the case dim S, = 1, one must be careful 
to prescribe the spin structure which extends over the normal disk to Fi.) These 
both must have the same type as g has on M. The preceding comments about the 
type of antipodal maps then show that dim S, = dim S, mod 4. The result follows. 0 
Proposition 3.2. Let M be a connected, oriented spin manifold and g: M + M be a 
locally linear involution that preserves orientation and some spin structure. Then the 
jixed-point set F qf g is orientable. 
This is proved via a geometric argument by Edmonds [5] in the smooth case. We 
shall show that the locally linear version can be reduced to the smooth version. E. 
Miller has given a more forma1 proof using axiomatic properties of Stiefel-Whitney 
classes which combines and extends both of these results in the smooth category: 
If g is a smooth involution of a manifold M with H’(M; Z,) = 0 for i< k and 
w,(M)=O, then w,(F)=0 for i<2y if 2’ c k, and if F, and F, are components of 
F, then codim F, 3 codim F, mod 2y+‘. Again, we conjecture that Proposition 3.2 is 
true with no local linearity hypothesis, at least in dimension 4. 
Reduction of Proposition 3.2 to the smooth case. By taking the Cartesian product of 
M with a trivial involution on R” it may be assumed that M and F are high 
dimensional. If F is nonorientable then there is an orientation reversing simple 
closed curve C = F which is locally flatly embedded. The G-smoothing theory of 
Lashof and Rothenberg [15] shows that the whole action on some invariant open 
neighborhood U of C may be smoothed. U inherits orientation and spin structure 
from M which are clearly preserved by the restricted and smoothed involution. 
Now the smooth version of the result applies to show that Fn U is orientable, 
contradicting the supposition that C was orientation reversing in F. 0 
Remark. In dimension 4, the appeal to Lashof and Rothenberg may be replaced 
by citing the result that the locally flat surface F* c M* has a normal bundle, which 
can then be smoothed by more elementary considerations, showing that the whole 
action is smoothable in a neighborhood of the fixed-point set. This uses Freedman’s 
s-Cobordism Theorem [9] for 71, = Z and the work of Quinn [ 181. 
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Corollary 3.3. Let M be a connected, simply connected spin 4-mamfold and g : M -+ M 
be a locally linear involution that preserves orientation. Then the fixed-point set of g, 
if nonempty, consists either of isolated points or of orientable surfaces. 
It follows in particular that the study of involutions on simply connected spin 
4-manifolds splits nicely into two distinct cases, according to the dimension of the 
fixed-point set. 
4. Nonexistence of locally linear involutions on certain 4-manifolds 
Recall that for smooth, orientation preserving involutions on closed, oriented, 
smooth 4-manifolds the G-Signature Theorem states that sign(g, M) = e( F’), where 
e( F2) denotes the total Euler number of the normal bundle of the two-dimensional 
part of the fixed-point set. It is a consequence of the fundamental work of Freedman 
[8,9] and Quinn [18] that this formula is valid for locally linear involutions on 
topological 4-manifolds. Their work shows that the 2-dimensional part of the fixed 
point set admits an invariant tubular neighborhood on which the involution acts 
by orthogonal bundle maps. Thus such an involution is “tame” in the sense of Wall 
[22, 14B]. Then Wall’s arguments show that the G-Signature Formula is valid. A 
similar discussion applies to show that the general G-Signature Formula holds for 
locally linear Z,, actions in dimension four. For an elementary treatment of the 
G-Signature Formula in low dimensions, see Gordon [lo]. 
Proposition 4.1. Suppose that M is a closed, simply connected spin 4-mantfold with 
nonzero positive definite intersection pairing, and that g : M -+ M is a locally linear 
involution. Then the fixed-point set F consists either of precisely two points or of a 
single 2-sphere, and the representation of Zz on H’(M) consists of r copies of the 
regular representation Z[Z,]. 
Proof. Since M has nonzero signature g must preserve orientation. We claim that 
g has nonempty fixed-point set. If F = ,@, then sign(M) = 2 sign( M”) and x(M) = 
~,Y(M*). Since M and M” are positive definite, this means that P2(M) = 2p2( M”) 
and 2 t&(M) = 2(2 + &( M”)), whence 2 = 4, a contradiction. 
Let H*(M) be t copies of the trivial representation of Z2, c copies of the 
representation (-l), and r copies of the regular representation Z[Z,]. 
First consider the case when F consists of isolated points. By Proposition 2.4, 
c = 0 and F consists of t + 2 points. By the G-Signature Theorem sign(g, M) = 0. It 
follows that t-c = 0, so that t = 0, and F = S”, as required. 
Second, consider the case when F consists of orientable surfaces. Let F have 
components F,, F,, . . . , Fk. Suppose for the moment that each component F, rep- 
resents a nonzero element in H2( M), which, by Corollary 2.6, will hold if there is 
more than one component. Since M has a positive definite, even intersection pairing, 
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each normal Euler number e( F;) 2 2. Then e(F) = C e( Fi) 2 2k 2 x(F) = A(g) = 
t - c + 2 = sign(g, M) + 2 = e(F) + 2, a contradiction. It follows that F is connected 
and nullhomologous in M. Therefore sign(M) = sign(g, M) = e(F) = 0, so that 
t-c=O. Then x(F)=n(g)=t-c+2=2, so that F is a 2-sphere. By 
Proposition 2.4, c = P,(F) =O, so that c =O, and also t =O. Therefore the 
representation on H’(M) is rZ[ZJ, as required. 0 
Remark. If A4 is any closed oriented 4-manifold, then the connected sum M#M 
clearly admits both kinds of involutions described in Proposition 3.4, with orbit 
space of the form C (RP’) # M, where C (RF) denotes the suspension of RP”, or 
S4# M. 
Theorem 4.2. A closed, simply connected, spin 4-manifold M with positive dejnite 
intersection form that admits a locally linear involution has signature congruent to 0 
modulo 16. 
Proof. Let g be a locally linear involution on M. First consider the case when the 
fixed-point set F consists of two points. Let M,, denote M with the interiors of two 
invariant disks about the fixed points deleted. The boundary of M, consists of two 
invariant 3-spheres on which g acts as the antipodal map. Reflection in an equator 
shows that the 3-sphere admits orientation reversing equivariant homeomorphisms. 
Hence we may equivariantly attach S’ x I to M, to obtain an oriented 4-manifold 
M, (homeomorphic to S’ x S3 # M) with fixed-point free involution g,. Since S’ 
has a unique spin structure, the restriction to M, of the spin structure on M extends 
to all of M, . The involution g, preserves the spin structures on M,. The invariant 
3-spheres, with uniquely framed normal bundles, show that g, has even type. 
Therefore the spin structures on M, are induced from spin structures on the orbit 
space Mr. By Van der Blij’s theorem (see Milnor and Husemoller [17], for example), 
sign( MT) = 0 mod 8. But then sign(M) = sign( M,) = 2 sign( MT) = 0 mod 16. 
Finally consider the case when F consists of a single nullhomologous 2-sphere 
with normal Euler number 0. Then M is a 2-fold branched covering space of the 
orbit manifold M”. Since the rational homology of MY is identified with the invariant 
homology of M we see that M* has a positive definite intersection pairing. 
We claim that M* admits a spin structure. To see this, begin by noting that since 
F is nullhomologous in M, H,( M - F; Z2) = Zz, so that M - F has two spin struc- 
tures, one of which extends over F and one that doesn’t. Since g preserves the 
extendable one, it also preserves the nonextendable one. The involution has odd 
type with respect to the extendable one, and even type with respect to the one that 
does not extend. Thus the one that does not extend is induced from a spin structure 
on the orbit space M” - F*. Since F is nullhomologous in M, it follows that its 
image F” is nullhomologous in M”, with a trivial normal bundle. Moreover, M* 
is simply connected, since the orbit map M + M” induces a surjection of fundamental 
groups. Therefore H,( M* - F”; Z,) =Z2, detected by a linking circle to F*. It 
follows that M* - F” has exactly two spin structures, and that one of them must 
120 A. L. Edmonds / Actions on four-manifolds 
extend over all of M”. In particular M* is a spin manifold. By Van der Blij’s 
theorem sign( M*) = 0 mod 8. But basic representation theory implies the standard 
fact that sign(M) + sign(g, M) = 2 sign( M*). Also sign(g, M) = e(F) = 0. Therefore 
sign(M) = 2 sign( M”) = 0 mod 16, as required. 0 
Corollary 4.3. A closed, simply connected, spin 4-mantfold M with positive definite 
intersection form and signature congruent to 8 modulo 16 admits no locally linear 
involution. 
Remarks. (1) Corollary 4.3 is a consequence of a more general result of Kwasik 
and Vogel [13], proved independently and about the same time, to the effect that 
a closed, oriented 4-manifold admitting an orientation preserving locally linear 
involution has a vanishing Kirby-Siebenmann triangulation obstruction. 
(2) The constructions of Edmonds [6] ( see also Kwasik and Vogel [14]) show 
that any closed, simply connected spin 4-manifold admits a homologically trivial 
involution that is locally linear except at one point. 
(3) It follows that even a weak form of the G-Signature Theorem for involutions 
cannot hold in the topological case, without taking into account the nature of the 
action near nonlocally linear fixed points. D. Ruberman in unpublished work has 
shown how one may assign to isolated fixed points a local “a-invariant” to achieve 
a version of the G-Signature Formula valid in the presence of isolated nonlocally 
linear fixed points. 
5. Stiefel-Whitney classes and fixed-point sets of involutions 
Let M4 be a closed 4-manifold with an orientation preserving involution T. 
Consider the following two functions: cp, + : H*( M; 2,) + Z,, where p(x) = 
(x u T*x, [ M4]), and I,!J(x) = (x, [F*]). Here F” denotes the two-dimensional part of 
the fixed-point set of T. We shall prove in a variety of cases that cp = $. We conjecture 
that cp = + always holds. If T is homologically trivial mod 2, this implies that F’ 
represents the Poincare dual of the second Stiefel-Whitney class w2( M). 
For example, suppose that M4 is smooth and that T is smooth. We indicate a 
proof of the dual statement. Let G* be a surface in M4. We must show that intersection 
numbers satisfy G* . T( G2) = G2 F’ mod 2. Perturb G2 slightly in the C’ topology 
so that G2 is transverse to both F* and to T( G’). Then the points of G2 n T( G*) 
not in F2 are paired up by T. The result follows. 
Proposition 5.1. Let M be a closed orientable 4-manifold with a locally linear, orienta- 
tion preserving involution T If there is x E H*( M; Z,) such that (x u T*x, [MI) f 0, 
then (x u T*x, [MI) = (x, [F’]) mod 2, for all x E H2( M; Z,). 
Corollary 5.2. Let M be a closed orientable 4-manifold with odd intersection form, 
admitting a locally linear, homologically trivial involution T Then [F’] = Dw,( M), 
the Poincare’ dual of the second Stiefel- Whitney class. 
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Proof. Since M has odd intersection form and T is homologically trivial, the 
proposition implies that (x u x, [MI) = (x, [F’]) mod 2, for all x E H2( M; Z,). The 
result then follows from the Wu formula. 0 
Proof of Proposition 5.1. The homomorphism cp: H2(M; Zz)+Z2, where q(x) = 
(x u T*x, [ M4]), is nontrivial by hypothesis, and is nonvanishing on exactly half of 
the elements of H’(M; Z,). First suppose that F’ is connected. Now Bredon [3,7.4] 
shows that q(x) # 0 implies that xlF2 # 0. Since F2 is connected this means that the 
function G(x) = (x, [ F2]) is nontrivial and is nonvanishing where cp is nonvanishing. 
A nonvanishing function H2( M; Z,) + Z2 is nonzero on exactly half the elements. 
Therefore + = cp. 
Now consider the case when F* consists of k> 1 components. Since T is locally 
linear we may add k - 1 invariant equivariant l-handles to M x Z, connecting the 
components of F’ and creating a 5dimensional cobordism W from M to a 4- 
manifold N. The inclusions M = M x {0} + W and N + W induce isomorphisms on 
H2 and H4; and under the induced identifications of the cohomology of M with 
that of N the functions cp and $ correspond. The first case of connected F2 implies 
that the desired formula holds for N, therefore it holds for M as well. 0 
Remark. Note that when F’ is connected we do not need to assume that the 
involution is locally linear. In the general case the proof only requires that the 
involution be locally linear near one point in each component of F’. 
6. Homologically trivial involutions 
Here we apply the G-Signature Theorem to derive a nontriviality result for the 
class in integral homology represented by the two-dimensional part of the fixed 
point set of a homologically trivial, locally linear Z, action on a closed, simply 
connected 4-manifold. These results are especially interesting in view of the construc- 
tions of Edmonds [6,7]. In particular it implies the necessity of a technical condition 
in Edmonds [7] for a construction of a locally linear involution on certain 4- 
manifolds with odd intersection form. 
Theorem 6.1. Let M4 be a closed, simply connected 4-manifold supporting a 1ocall.v 
linear, homologically trivial involution T. Let C,, . . , C,,, be two-dimensional com- 
ponents of the fixed-point set F of T Suppose that C, , . , C, represent independent 
elements of H,( M4; Z,) (e.g., M h as odd intersection form or UC, f F). Then for 
any odd prime p either C, , . . . , C,,, represent independent elements of H2(M4; Z,,) or 
some subcollection has total normal Euler class equal to zero. 
Corollary 6.2. Let M4 be a closed, simply connected 4-manifold with nonzero, positive 
definite, odd intersection pairing, supporting a locally linear, homologically trivial 
involution. Then for any prime p (and any choice of orientations), the components of 
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the two-dimensional part of the fixed-point set represent independent elements of 
H2(M4; 2,). 
The Universal Coefficient Theorem then implies the following result. 
Corollary 6.3. Let M4 be a closed, simply connected 4-manifold with nonzero, positive 
definite, odd intersection pairing, supporting a locally linear, homologically trivial 
involution. Then the sum of the two-dimensional components of the3xed-point set (with 
any choice of orientations) represents an indivisible element of Hz( M4; Z). 
Remarks. This result is applied in Edmonds [7] to show that if a simply connected 
4-manifold M4 has odd intersection form and admits a homologically trivial, locally 
linear Z, action, then it also admits such an action whose fixed point set contains 
exactly one two-dimensional component. 
Proof of Theorem 6.1. Suppose that the components C’, do not represent independent 
elements of H2( M4; Z,,) for some prime p. Over all primes p and subcollections of 
the components of UC; let B = B, u . . . u B, be the union of a nonempty, minimal 
subcollection of the components of UC, with the property that for some odd prime 
p the image of H2( B; Z,,) in HZ( M4; Z,) has rank less than the rank of H,( B; Z,,). 
The minimality condition means that the image of H2(B; Z,,) in Hz( M4; Z,) has 
rank exactly n - 1, and that for any odd prime q the image of H,(B; Z,) in 
H2( M4; Z,) has rank n or n - 1 over Z,. We shall show that the total Euler number 
e(B) is 0. 
We will construct a regular Z,, branched covering, branched along all of the 
components of B. By general position H, ( M4 - B; Z) is generated by the homology 
classes of the n meridian loops to the components of B. 
We claim that H,( M4 - B; Z) is a finite cyclic group admitting a homomorphism 
onto Z,, taking the homology classes of each of these meridian loops to nontrivial 
elements of Z,,. We first argue that H,(M4- B; Z,,) -Z,,. Since Hz(B; Z,,)+ 
H,( M4; Z,,) has image of rank n - 1, the dual map H2(M4; Z,,)+ H*(B; Z,) also 
has image of rank n - 1. Therefore the exact cohomology sequence for the pair 
(M4, B), together with the simple connectivity of M4, shows that H3(M4, B; Z,,) 
has rank 1. But by Alexander duality H’(M4, B; Z,,) = H,( M4- B; Z,,) = 
H,(M4- B; Z,,), so that H,(M4- B; Z,,) also has rank 1. Repeating this argument 
with an arbitrary prime q, we find that H,( M4 - B; 2,) is either 0 or Z,. The Universal 
Coefficient Theorem then shows that H,( M4- B; Z) is cyclic. By hypothesis the 
classes of B,, . , B, are independent in H,(M; Z,). It follows that H,(M4- 
B; Z,) = 0. In particular H,( M4 - B; Z) is finite. 
Choose a surjective homomorphism p : H,( M4 - B; Z) + Z,. It follows from the 
preceding discussion that all of the meridians to the components B,, . . , B, of B 
are mapped nontrivially to Z,, by p. Let rr : A?“+ M4 be the corresponding Z,, 
branched covering, branched along B = IJB, in M4. Let g : A%“+ 6” denote the 
deck transformation, of order p with fixed-point set l? = B. Note that g is locally 
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linear since B is locally flat, being part of the fixed point set of the locally linear 
involution T. 
We claim that the involution T lifts to an involution ? on fi”. This follows from 
elementary covering space theory. The involution T preserves the subgroup of 
r,(M4- B) defining the branched covering, since it maps the meridian curves into 
themselves in a manner homotopic to the identity. The totality of all lifts of T and 
of the identity to 6” yields a cyclic group of order 2p, as one can see by considering 
the covering over a meridian circle about a component of B. Since p is odd, an 
appropriate choice Y? of lift of T has order 2. 
Let F denote the fixed-point set of ? in A?‘. Clearly F 2 E. We claim that in fact 
;= nTT’ (F). Let x E F- B. Then ? acts as an involution on the set n-‘(x), which 
consists of an odd number of points. Thus ? has a fixed point in r-‘(x). Since f 
commutes with deck transformations, this implies that 7 fixes every point of Y’(X). 
Since the components of F are simply connected, we see that ~(71.~‘(F-B) is a 
trivial covering. 
Since T acts homologically trivially on M, the Lefschetz Fixed-Point Formula 
A(T) =x(F) implies that x(M) = ,y( F). We claim that x(M) =x(F) as well. Con- 
sidering the branched covering v we find that x(M) = px( M) - (p - 1)x(B) = 
p?((l:)-~p-l)y(B)=P~(B)+pX(F-B)-(p-l)X(B)=~x(F-B)+X(B)=X(~- 
B) +x( B) =x(F). The Lefschetz Fixed-Point Formula A( ?) =x(F) then implies 
that ,I( Y?) =x(M). We wish to deduce that f acts homologically trivially on M. 
Since H,( M - B; 2) is finite cyclic, Lemma 4.1 of [ 1 l] implies that H,( M - l?; Z) 
is finite. It follows that H,( Mi; Z) is finite. In particular p,( A?) = p3( A?) = 0. There- 
fore the equality _I( ?) =x(M) implies that trace( ?*) = PI(M), where ?.+ denotes 
the induced homomorphism on H,( A?; Z), or equivalently on H,( fi; C). Since the 
eigenvalues of ?* are all pth roots of unity it follows that they are all +l, and T 
acts homologically trivially. 
We now apply the G-Signature Theorem to the involutions T and 7 and the 
Signature Defect Formula (see Hirzebruch and Zagier [12], for example) to the 
periodic map g. We find 
(1) sign(M) = sign( T, M) = e(F’) 
(2) sign( fi) = sign( t A?) = e( P’) and 
(3) sign(M)=psign(M)-{(p’-1)/3p}e(B). 




Thus (p* +2)e( B) = 3p*e( B). Since p > 1, we conclude e(B) = 0, as required. 0 
The hypothesis that the involution in Theorem 6.1 be homologically trivial cannot 
be eliminated. For example, let M be the 2-fold branched cyclic covering of CP*, 
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branched along a complex curve of degree 2p, where p is an odd prime. One can 
easily check that the fixed-point surface is nontrivial in 2, homology but trivial in 
Z,, homology. 
The proof of Theorem 6.1 was motivated by an unpublished proof of D. Ruberman 
of the following result: If a closed, simply connected, spin 4-manifold admits a 
locally linear, homologically trivial involution, then it has zero signature. This follows 
immediately from the G-Signature Theorem if the fixed-point set consists of isolated 
points. When the fixed-point set consists of n 2-spheres, 2n = pz( M) + 2, one forms 
a 2-fold branched covering, branched along the entire fixed-point set and applies 
the G-Signature Theorem to the deck transformation, which is shown to be homologi- 
tally trivial, to reach the desired conclusion. 
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